Based on two-dimensional particle-in-cell simulations, we investigated the electron beam's transverse oscillations by temporally asymmetric laser pulses in laser wakefield acceleration. Of particular interest in this article are the effects of ultrashort laser pulses having sharp rising and slow falling time scales. In this situation, the accelerated electron beam interacts directly with the laser field and undergoes transverse oscillations due to a phase-slip with the laser field. This oscillation can be matched with the betatron oscillation due to the focusing force of the ions, which can lead to a large transverse oscillation amplitude due to the resonance between them. Furthermore, in this case, the electron beam can be microbunched at the laser wavelength, which may provide the possibility for generation of a coherent synchrotron radiation.
I. INTRODUCTION
Laser wakefield acceleration (LWFA) scheme utilizes large-amplitude plasma waves for accelerating electrons to relativistic energies over an extremely short distance. Therefore, this scheme is promising as a new technology that could lead to downsizing future high-energy accelerators. 1 One of the recent breakthroughs in the LWFA is the generation of quasimonoenergetic electron beams with energies of a few hundred MeV $GeV. [2] [3] [4] [5] [6] When an intense laser pulse propagates in plasma, an ion cavity is formed and some electrons are self-injected into the acceleration phase of the ion bubble. As the laser propagates further in the plasma, the bubble size and shape evolve. As a result of this evolution, multiple monoenergetic electron injections were observed. 7, 8 As the electron bunch is accelerated along the bubble, it experiences a transverse force, which leads to betatron oscillations, emitting synchrotron radiation in the forward direction. [9] [10] [11] Hence, a laser wakefield accelerator itself can serve as an extremely compact synchrotron light source.
During acceleration in the ion cavity, electrons undergo the betatron oscillation with a wavelength k b due to the focusing force by ions, and the electrons can emit the synchrotron radiation. The spectrum of this radiation is characterized by the wiggler strength parameter a b ¼ 2pcr b =k b , where r b is the amplitude of the betatron oscillation and c is the relativistic energy factor. For a b ( 1, the radiation is monochromatic, while for a b ) 1, the spectrum of betatron radiation is the synchrotronlike spectrum characterized by the critical frequency x c ¼ 3=4c 3 c r b k b , where c is the speed of light in free space and k b is the wavenumber of the betatron oscillation. Hence, higher photon energies can be obtained by increasing c and r b for a fixed electron density n e .
In the bubble regime, when the laser pulse duration is comparable to one-half of the plasma period, a strong plasma wakefield can be effectively excited. It is also found that an asymmetric laser pulse with a sharp rise time and a slow fall time can produce significantly larger wake waves than the case of the symmetric pulse. Thus, asymmetric laser pulses are more effective in electron trapping and in the enhancement of the maximum electron beam energy. 12, 13 When the pulse duration is longer than half the plasma period, the accelerated electron beam can interact with the laser field. Due to the interaction, an elliptic spatial electron beam profile was observed with an increased emittance along the laser polarization direction and this led to an elliptic distribution of x-ray radiation. 9, [14] [15] [16] In Ref. 17 , in the two-laser pulse colliding method, an increased beam emittance along the laser polarization was explained as the result of the betatron oscillation due to the laser field of the injection pulse. In this method, two well-synchronized counter propagating pulses are required in order that the electrons interact with the laser field. 18 However, the transverse motion of the accelerated electrons due to a single asymmetric laser pulse having a sharp rise time and a slow fall time scale has not been well investigated so far. In this paper, therefore, we investigate the effects of a long asymmetric laser pulse in electron beam's transverse oscillation. In the case of a long asymmetric laser pulse, the sharply rising part can effectively excite a stronger wake wave with self-injection, and then the accelerated electrons interact with the slow falling part of the laser pulse, leading to significant increase in amplitude of the transverse oscillation of the accelerated electrons. Hence, the amplitude of the transverse oscillations of the electrons can increase to the ion cavity size approximately. Therefore, this large-amplitude can lead to the generation of higher synchrotron photon energies. Furthermore, in this case, the electron beam can be microbunched at the laser wavelength, which may lead to the generation of a coherent radiation. With a simple harmonic oscillator model, we described the dynamics of the electrons due to the laser field and the focusing field of ions. The electrons oscillate due to the difference in the phase velocity of the laser field and the electrons. The transverse amplitude oscillations increased due to a resonance between the focusing field of ion cavity and the laser fields. Some details about such phenomena are presented in this paper.
II. SIMULATIONS WITH ASYMMETRIC PULSES
For our studies, we used the fully relativistic 2D particle-in-cell (PIC) code named UG-PIC, which was recently developed at UNIST. The code incorporates a standard Yeemesh scheme for the electromagnetic field solver and Villasenor-Buneman method for electric current from the simulation particles. The code employs a moving window that moves along the x-axis at the speed of light. The twodimensional simulation box size is 100 lm Â 80 lm in longitudinal and transverse directions. The grid resolution is chosen to be Dx ¼ k 0 =20; Dy ¼ k 0 =4, where k 0 is the wavelength of the laser, and five particles per cell are used. In the simulations, we used both symmetric and asymmetric laser pulses for comparison studies, where the laser pulses are linearly polarized in both cases.
The symmetric laser pulse with a Gaussian shape has a pulse duration (FWHM) of 35 fs and the asymmetric pulse has several different ratios of rising and falling times. In both cases, the laser beam has a normalized vector potential of a 0 ¼ 2, a spot size (FWHM) of w 0 ¼ 12:5 lm and a wavelength of k 0 ¼ 0:8 lm. Here, the normalized vector potential is defined by a 0 ¼ e E=m c x, where E is the laser electric field, x is the laser frequency, and e and m are the electron charge and mass, respectively. The laser propagates through an underdense plasma slab along the x-direction, and the plasma density profile used in the current study is shown in Fig. 1 . An initial plasma density hike of 1 Â 10 19 cm À3 is artificially assumed in the simulations to allow for early electron injection into the first plasma wave period. 19 After this hike, the laser propagates into 2.3 mm-long uniform plasma with a lower density of n 2 ¼ 5 Â 10 18 cm À3 , in Fig. 1 . The ramps from 0 to n 1 is 100 lm and from n 1 to n 2 is 30lm, where both scale lengths are longer than k p . This density hike could be generated by plasma expansion as a result of a counter-crossing laser beam. 20 
III. RESULTS AND DISCUSSIONS
For comparison studies, a symmetric laser pulse with a duration of 35 fs and an asymmetric pulse with rising and falling times of 7 and 28 fs, respectively, were used. In addition, we also used a longer asymmetric pulse having a pulse duration of 47.5 fs with rising and falling times of 17.5 and 30 fs, respectively. Figures 2(a) and 2(c) show the plasma density distribution of the first ion cavity for 35 fs symmetric pulse at t ¼ 1.8 and 7.3 ps. Electron trapping and injection into the first ion cavity took place in the downward density gradient region. Then, the laser pulse propagates into the lower density n 2 plateau, where the cavity size is large, k p % 15 lm. As the electron beam reaches the cavity center, it experiences a betatron oscillation with 1lm amplitude and an increase in its transverse emittance. The asymmetric laser pulse (rising time of 7 fs and falling time of 28 fs) results are shown in Figs. 2(b) at t ¼ 1.53 ps and 2(d) at t ¼ 7.1 ps. In this case, the accelerated electrons are under the strong influence of the transverse electric field of the laser tail. The simulation result shows that the amplitude of the betatron oscillation increases by a of factor 2, compared with the case of the symmetric laser pulse. Additionally, the electron beam is longitudinally microbunched at the laser wavelength which, in turn, leads to a resonance with the laser field, resulting in enhanced amplitude of the transverse oscillation. However, the energy of electrons of the asymmetric pulse is FIG. 1 . Schematic of the density profile of a plasma slab and an asymmetric laser pulse. The density of the first plateau is n 1 ¼ 1 Â 10 19 cm À3 with a length of 100 lm, and the second plateau is n 2 ¼ 5 Â 10 18 cm À3 with a length of 2.3 mm. The ramp scale lengths from 0 to n 1 and from n 1 to n 2 are 100 lm and 30 lm, respectively.
FIG. 2. (Color online)
Electron density distributions in the first ion cavity for the case of a symmetric laser pulse with a duration of 35 fs (a) at 1.8 ps and (c) at 7.3 ps. Shown in (b) and (d) are the electron density distributions at 1.53 ps and at 7.1 ps, respectively, for the case of an asymmetric laser pulse which has a falling duration of 28 fs and a rising duration of 7 fs. n denotes the distance from the starting point of the bubble along x.
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A. Electron motion in the ion cavity
Now, we describe the motion of the accelerated electrons inside the ion cavity in detail for the asymmetric (47.5 fs) laser pulse with a long falling time (30 fs, 9 l & m k p =2 in length). Figures 3(a)-3(c) show the accelerated electrons superimposed on the laser field. The electric field at the tail of the laser pulse is E 0 % 2 Â 10 12 V=m, which is one order of magnitude higher than the transverse focusing wakefield E t ¼ 9:06 Â 10
À15 n e ðcm À3 Þ r b ðlmÞ ¼ 27 Â 10 11 V=m, where n e ¼ 5 Â 10 18 cm À3 , r b ¼ 6 lm, for example. Thus, in this case, the force due to laser field dominates the interaction in the ion cavity.
In the rest frame of the electron beam, the electrons slip from the laser field because their velocity and the phase velocity of the laser field are different. In Fig. 3(d) , we show the trajectories of three test electrons (labeled 1, 2, and 3) in the bunch, in which they are located at the same laser phase but longitudinally separated by one laser wavelength. Individual electron trajectories show transverse oscillations due to the phase-slip with the laser field. One can find that the wavelength of electron oscillation decreases unlike the wavelength of the betatron oscillation due to the focusing field of the wake wave, k b ¼ ffiffiffiffiffi ffi 2 c p k p , which means that the electron beam strongly interacts with the laser field. The electrons are accelerated in the direction of the laser polarization, resulting in increase of the amplitude of the transverse oscillations. The initial amplitude of the oscillations was approximately 1 lm in Fig. 3(a) at t ¼ 2.44 ps, after interaction with the laser fields, and the amplitude increased to the ion cavity size. Due to the combination of longitudinal and transverse forces, the electrons of the bunch are redistributed as a sinusoidal structure with a wavelength approximately similar to the wavelength of the laser field, as shown in Fig. 3(b) . After the electrons reach a maximum amplitude (limited by the cavity size) of transverse oscillation, the sinusoidal structure deforms, as seen in Fig. 3(c) .
B. Theoretical model
A simple harmonic oscillator model was proposed in Ref. 17 in order to describe the motion of accelerated electrons in the ion cavity. Here, we use this model for our studies and consider only the transverse motion. According to the model, the equation of motion is
where x 2 p ¼ 4pn e e 2 =m, E y and B z are electric and magnetic fields of the laser pulse. It should be pointed out here that the theoretical model has a limitation as a gamma-factor of the bubble is not taken into account. The term E y þ _ xB z in the right side of Eq. (1) is approximated by E y þ _ xB z ¼ 2E y because of dx=dt ' c. We can assume the approximated solution as x ¼v e (t -t 0 ) þ x 0 , where x 0 is the initial value of electron orbit at t ¼ t 0 , and v e is the approximated electron velocity along xdirection, which is practically the speed of light c. The spatial and time variation of laser wave is expressed as kx À xt ¼ kðv e ðt À t 0 Þ þ x 0 À v p tÞ, where v p ¼ x=k is the phase velocity of the laser wave. But due to the initial condition of x ¼ x 0 at t ¼ t 0 , the term x 0 -v p t 0 is almost zero. Therefore, the spatial and time variation of the laser wave is eventually expressed as kx À xt ¼ kðv e À v p Þs, where s ¼ t À t 0 is the advancement of time after the electron beam enters the bubble at x ¼ x 0 . The polarized electric field E y is expressed as E y ðx; tÞ ¼ E 0 sinðkx À xtÞ ¼ E 0 sin½kðv e À v p Þs. We define the phase-slip frequency by x / ¼ kðv e À v p Þ. Then, the polarized E-field is given by E y ðx; tÞ ¼ E 0 sinðx / sÞ. After a straight forward calculation, Eq. (1) can be expressed as
where the damping rate a is defined by a ¼ ð1=2cÞðdc=dtÞ and the betatron frequency-squared due to the ion focusing is defined by
Here, it should be noted that the frequency x is the laser frequency, which is much higher than the phase-slip frequency x / or the betatron frequency x b . Due to the time variation of the relativistic energy factor c of the electron beam, Eq. (2) is impossible to solve analytically. In this context, we assume that the relativistic energy factor is averaged over time to be c b ¼< c > during the whole dynamic process. It is obvious that Eq. (2) is a forced damping oscillation. Therefore, the simplified solution can be written as y ' y m sinðx / sÞ;
where the maximum amplitude y m is given by y m ' a 0 x c=c b ðx
It should be noted that the betatron frequency x b by the focusing field of ions, which is decreased by the increased relativistic factor c as the electrons are accelerated, is coupled with the phase-slip frequency x / . From the PIC simulations, the averaged longitudinal velocity of electrons is 
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Controlling the betatron oscillations of a wakefield-accelerated electron beam Phys. Plasmas 18, 043107 (2011) < v x >' 0:9984 c, which is lowered due to large transverse motion of electrons. The electron density inside the bubble is 1 Â 10 18 cm À3 , then the phase velocity of the laser is 1.00029c. Hence, we can assume that the phase velocity of the laser is almost equal to the speed of light near the ion cavity center, where the wavelength of the phase-slip oscillation is approximately 500 lm, as seen in Fig. 3(d) . This is close to the wavelength of the betatron oscillation k b ' 470 lm due to the focusing field of ions with the parameters c ¼ 500 and k p ¼ 15 lm. Then, two frequencies can be coupled to significantly increase the amplitude y m of the transverse oscillation. After electrons reach the maximum amplitude of the transverse motion, this amplitude slightly decreases due to the increased gamma-factor of the electron beam which is accelerated to the center of the bubble. This amplitude is approximately five times larger than that of the case of the symmetric pulse shape in Fig. 2(c) . Therefore, the wiggler strength parameter has increased from a b ' 6 to a b ' 37, corresponding to increase of the oscillation amplitude from r b ' 1 lm to r b ' 6 lm, based on an electron beam energy of c ¼ 500. The electron energy was also enhanced in case of asymmetric laser pulses when the rising duration of the pulse is the same as shown in Fig. 4 . This could be due to the fact that electrons spend longer time in the acceleration phase of the ion cavity compared with the symmetric pulse case. The combined effect of the enhanced energy and the increased amplitude of the transverse oscillation can produce higher photon energies, resulting in x-ray radiation extending up to several tens of kiloelectronvolts.
IV. CONCLUSIONS
In conclusion, a temporally asymmetric laser pulse can be used for laser wakefield acceleration with self-injection and the tail part of the laser beam can interact strongly with the electron beam. This can lead to a large transverse electron oscillation due to the resonance, which can provide a good method for generation of ultrashort ($fs) coherent radiations covering tens of kiloelectronvolts in photon energy. The proposed scheme can be realized in a fairly simple experimental setup as temporally asymmetric laser pulses are easily produced by detuning the compressor gratings in a CPA (chirped-pulse amplification) laser system. 
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